In this paper we consider two von Neumann subalgebras B 0 and B of a type II 1 factor N . For a map φ on N , we define φ ∞,2 = sup{ φ(x) 2 : x ≤ 1}, and we measure the distance between B 0 and B by the quantity E B 0 − E B ∞,2 . Under the hypothesis that the relative commutant in N of each algebra is equal to its center, we prove that close subalgebras have large compressions which are spatially isomorphic by a partial isometry close to 1 in the · 2 -norm. This hypothesis is satisfied, in particular, by masas and subfactors of trivial relative commutant. A general version with a slightly weaker conclusion is also proved. As a consequence, we show that if A is a masa and u ∈ N is a unitary such that A and uAu * are close, then u must be close to a unitary which normalizes A. These qualitative statements are given quantitative formulations in the paper.
Introduction
In this paper we study pairs of von Neumann subalgebras A and B of a type II 1 factor N under the assumption that they are close to one another in a sense made precise below. Some of our results are very general, but the motivating examples are masas, subfactors, or algebras whose relative commutants in N equal their centers. In these special cases significant extra information is available beyond the general case.
Ideally, two close subalgebras would be unitarily conjugate by a unitary close to the identity, but this is not true. In broard terms, we show that two close subalgebras can be cut by projections of large trace in such a way that the resulting algebras are spatially isomorphic by a partial isometry close to the identity. The exact nature of the projections and partial isometry depends on additional hypotheses placed on the subalgebras. Our results are an outgrowth of some recent work of the first author who proved a technical rigidity result for two masas A and B in a type II 1 factor N that has yielded several important results about type II 1 factors, [18, 19] . The techniques of these papers were first developed in [15] . This paper uses further refinements of these methods to prove the corresponding stability of certain subalgebras in separable type II 1 factors (Theorems 6.4 and 6.5). Several of the lemmas used below are modifications of those in [2, 18, 19] , and versions of these lemmas go back to the the foundations of the subject in the papers of Murray, von Neumann, McDuff and Connes. Although the focus of this paper was initially the topic of masas, our results have been stated for general von Neumann algebras since the proofs are in a similar spirit. The crucial techniques from [18, 19] are the use of the pull down map Φ :
and detailed analyses of projections, partial isometries and module properties. The contractivity of Φ in the · 1 -norm, [19] , is replaced here by an analogous isometric · 2 -norm property (Lemma 5.1 (ii)) that plays the same role (see also [18] ).
If φ : N → N is a bounded linear map, then φ ∞,2 denotes the quantity φ ∞,2 = sup{ φ(x) 2 : x ≤ 1}, (1.1) and E A − E B ∞,2 measures the distance between two subalgebras A and B, where E A and E B are the associated trace preserving conditional expectations. We regard two subalgebras as close to one another if E A − E B ∞,2 is small. A related notion is that of δ-containment, introduced in [11] and studied in [2] . We say that A ⊂ δ B if, for each a ∈ A, a ≤ 1, there exists b ∈ B such that a − b 2 ≤ δ. This is equivalent to requiring that (I − E B )E A ∞,2 ≤ δ, and so the condition E A − E B ∞,2 ≤ δ implies δ-containment in both directions, so we will often use the norm inequality in the statement of results (see Remark 6.6).
A significant portion of the paper is devoted to the study of masas. Two metric based invariants have been introduced to measure the degree of singularity of a masa
A in a type II 1 factor. In [13] , the delta invariant δ(A) was introduced, taking values in [0, 1] . Motivated by this and certain examples arising from discrete groups, strong singularity and α-strong singularity for masas were defined and investigated in [22] .
The singular masas are those which contain their groups of unitary normalizers, [5] , and within this class the notion of a strongly singular masa A ⊆ N , [22] , is defined by the inequality
for all unitaries u ∈ N . Such an inequality implies that each normalizing unitary lies in A, so (1.2) can only hold for singular masas. We may weaken ( This result supports the possibility that all singular masas are strongly singular. Although we have not proved that singularity implies strong singularity, we have been able to establish the inequality
for all singular masas A in separably acting type II 1 factors N . The constant 90 emerges from a chain of various estimates; our expectation is that it should be possible to replace it with a constant equal to or close to 1. The method of proof in [18] (and of the main technical lemma in [19] ) uses the convexity techniques of Christensen, [2] , together with the pull-down identity of Φ from [12] , some work by Kadison on center-valued traces, [9] , and fine estimates on projections. Our main proof (Theorem 5.2) follows that of [18] , and also requires approximation of finite projections in L ∞ [0, 1]⊗B(H). These are combined with a detailed handling of various inequalities involving projections and partial isometries.
There are two simple ways in which masas A and B in a type II 1 factor can be close in the · ∞,2 -norm on their conditional expectations. If u is a unitary close to A in · 2 -norm and uAu * = B, then E A − E B ∞,2 is small. Secondly, if there is a projection q of large trace in A and B with qA = qB, then again E A − E B ∞,2 is small. In Theorem 6.5 we show that a combination of these two methods is the only way in which A can be close to B in separably acting factors.
The structure of the paper is as follows. Section 2 contains preliminary lemmas which include statements of some known results that will be used subsequently. The operator h in Proposition 2.4 was important for Christensen's work in [2] and plays an essential role here. Theorem 2.6 investigates its spectrum to aid in later estimates.
The third section deals with two close algebras, one of which is contained in the other.
We present a sequence of lemmas, the purpose of which is to cut the algebras by a large projection so that equality results. The fourth section collects some more background results preparatory to the next section where it is shown that two close subalgebras can be cut so that they become isomorphic by a suitably chosen partial isometry. In the final section we focus attention on applying these results to masas. One consequence is that if a unitary conjugate uAu * of a masa A is close to the original masa then u must be close to a normalizing unitary, and this allows us to present the results on strongly singular masas mentioned above.
The crucial estimates are contained in Theorems 5.2, 3.5 and Corollary 2.5. We recommend reading these three results in the order stated, referring back to ancillary lemmas and propositions as needed. Corollary 2.5 is essentially due to Christensen in his pioneering paper [2] , but without the norm inequalities which we have included. Our results are formulated for subalgebras of a finite factor N . In only a few places is this requirement necessary, Theorem 3.7 for example, and when the statement of a result makes sense for a von Neumann algebra N with a unital faithful normal trace, the same proof is valid.
Preliminaries
Let N be a fixed but arbitrary separably acting type II 1 factor with faithful normalized normal trace τ , and let B be a von Neumann subalgebra of N . The trace induces an inner product
is the resulting completion with norm 2) and when x ∈ N is viewed as a vector in this Hilbert space we will denote it byx.
Several traces will be used in the paper and so we will write · 2,tr when there is possible ambiguity. The unique trace preserving conditional expectation E B of N onto B may be regarded as a projection in B(L 2 (N ), τ ), where we denote it by e B . Thus
Properties of the trace show that there is a conjugate linear isometry J : 4) and it is standard that N , viewed as an algebra of left multiplication operators on The following lemma (see [12, 17] ) summarizes some of the basic properties of N , B and e B . 9) and in particular,
The following result will be needed subsequently. We denote by x 2,Tr the Hilbert space norm induced by Tr on the subspace of N , B consisting of elements satisfying
Tr(x * x) < ∞. Thus we may assume that each e B (t) has rank 1.
Since Tr is a faithful normal semi-finite trace on N , B , there exists a non-negative Consider a rank 1 projection p ∈ B(H) and a projection q ∈ B(H) of rank n ≥ 2. 17) and the same inequality is obvious if
Then, from (2.11),
and z(t)e B (t) are simultaneously 0 or 1, and so zf and ze B are equivalent projections in N , B . Then 19) from (2.18), while since, on G,
by (2.17) . Finally, 22) completely the proof of (2.12).
We now recall some properties of the polar decomposition and some trace norm inequalities. These may be found in [3, 10] . 
The following result is essentially in [2] , and is also used in [18, 19] . We reprove it here since the norm estimates that we obtain will be crucial for subsequent developments. The operator h below will be important at several points and we will refer below to the procedure for obtaining it as averaging e B over A. 
Proof. Each x ∈ K A (e B ) satisfies 0 ≤ x ≤ 1, and so the same is true for elements of
. Moreover, each x ∈ K A (e B ) has unit trace by Lemma 2.1 (v). Let P be the set of finite trace projections in N , B . Then, for x ∈ N , B , x ≥ 0,
and it follows from (2.36) that Tr(x) ≤ 1. Since
Since span{P } is norm dense in L 2 ( N , B , Tr), we conclude from (2.37) that (x α ) converges weakly to x in the Hilbert space. Thus K by minimality of h, so h ∈ A ′ ∩ N , B . This proves (i).
Consider a unitary u ∈ A. Then, by Lemma 2.1,
This inequality persists when ue B u * is replaced by elements of K A (e B ), so it follows from (2.37) that
for all unitaries u ∈ A. Part (iii) follows from this by taking suitable convex combinations and a weak limit to replace ue B u * by h on the left hand side of (2.41). Finally, using (2.40) and (2.41),
proving (iv).
For the last two results of this section, h is the element constructed in the previous proposition.
Corollary 2.5. Let A and B be von Neumann subalgebras of N and let f be the spectral projection of h corresponding to the interval
, and
Proof. The first assertion is a consequence of elementary spectral theory. The second follows from Proposition 2.4 (iv) and Lemma 2.3 (ii).
containment of finite von Neumann algebras and let
τ be a unital faithful normal trace on Q 1 . Suppose that
44)
and let h ∈ Q 1 , Q 0 be the operator obtained from averaging e Q 0 over Q 1 . Then
and the spectrum of h lies in the set
In particular, the spectrum of h lies in {1} ∪ [0, 1/2], and the spectral projection q 1 corresponding to {1} is the largest central projection for which 
For each x ∈ Q 1 , multiply on the right by xe Q 0 to obtain
, and Q 1 is a finitely generated right Q 0 -module. In a similar fashion
w i e Q 0 Q 1 , and so Q 2 is finitely generated over Q 1 . This is a standard argument in subfactor theory (see [12] ) which we include for the reader's convenience.
Let Ω be the spectrum of Z(Q 2 ), and fix ω ∈ Ω. Then
is a maximal norm closed ideal in Q 2 and Q 2 /I 2 is a type II 1 factor, denoted M 2 , with trace τ ω = ω • Ctr, [21] . Similar constructions yield maximal ideals
and factors M k = Q k /I k . Equality of the centers gives Q k ∩ I 2 = I k for k = 0, 1, and so M 0 ⊆ M 1 ⊆ M 2 is an inclusion of factors. Let π : Q 2 → M 2 denote the quotient map, and let e = π(e Q 0 ). From above we note that M 2 is a finitely generated
Consider x ∈ I 1 . By uniqueness of the center-valued trace, the composition of E Q 0 with the restriction of Ctr to Q 0 is Ctr. Thus
Conditional expectations are completely positive unital maps and so
showing that E Q 0 maps I 1 to I 0 . Thus there is a well defined τ ω -preserving
From above, e commutes with M 0 and M 2 is generated by M 1 and e. Moreover,
x ∈ Q 1 . Thus M 2 is the extension of M 1 by M 0 with Jones projection e, [7] .
, contradicting the theorem of Jones, [7] , on the possible values of the index. Now let q 1 be the spectral projection of h corresponding to {1}. If we cut by q 1 then we may assume that h = 1. But then e Q 0 = 1 and Q 0 = Q 1 . We conclude that
On the other hand, let z ∈ Z(Q 1 ) be a projection such that Q 0 z = Q 1 z.
Then e Q 0 z = z, so hz = z, showing that z ≤ q 1 . Thus q 1 is the largest central projection with the stated property.
Containment of finite algebras
In this section we consider an inclusion M ⊆ N of finite von Neumann algebras where N has a faithful normal unital trace τ , and where N ⊂ δ M for some small positive number δ. Our objective is to show that, by cutting the algebras by a suitable projection p in the center of the relative commutant M ′ ∩ N of large trace dependent on δ, we may arrive at Mp = pN p. This is achieved in the following lemmas which are independent of one another. However, we have chosen the notation so that they may be applied sequentially to our original inclusion M ⊆ N . The definition of N ⊂ δ M depends implicitly on the trace τ assigned to N . Since we will be rescaling traces at various points, we will make this explicit by adopting the notation N ⊂ δ,τ M. If
M for this change of trace.
It is worth noting that the beginning of the proof of the next lemma shows that if 
Conjugation by unitaries from M 1 leaves c invariant, so Dixmier's approximation theorem, [4] , shows that there is an element
abelian subalgebra of C which contains Z(M 1 ), and note that Z(C) ⊆ A. Choose a projection p 1 ∈ Z(C), maximal with respect to the property that Cp 1 is abelian. We now construct a unitary u ∈ C(1 − p 1 ) such that E A(1−p 1 ) (u) = 0.
The algebra C(1 − p 1 ) may be decomposed as a direct sum
where C 0 is type II 1 and each
contains A k and is maximal abelian in C k , so has the form D k ⊗ A k for some diagonal algebra D k ⊆ M n k , [9] . Note that the choice of
which cyclically permutes the basis for D k . For k = 0, choose two equivalent orthogonal projections in Aq 0 which sum to q 0 , let v ∈ C 0 be an implementing partial isometry, and let
and the inequality
where N 2 has a unital faithful normal trace τ 2 relative to which
Proof. Let A = Z(M 2 ) and let C = M ′ 2 ∩N 2 , which is abelian by hypothesis. It is easy to see that C ⊂ δ 2 ,τ 2 A, by applying Dixmier's approximation theorem, [4] . Consider the basic construction A ⊆ C ⊆ C, A with canonical trace Tr on C, A given by
and thus maximal abelian in C, A . Following the notation of Proposition 2.4, let h be the element of minimal · 2,Tr -norm in K w C (e A ) and recall from (2.35) that h − e A 2,Tr ≤ δ 2 . For each λ ∈ (2 −1 , 1), let f λ be the spectral projection of h for the interval [λ, 1]. Since h ∈ C ′ ∩ C, A = C, we also have that f λ ∈ C for 2 −1 < λ < 1.
Fix an arbitrary λ in this interval.
We first show that for every projection q ≤ f λ , the inequality
holds. If not, then there exists a projection q ≤ f λ and ε > 0 so that the spectral
From this it follows that e A (qq 0 )e A ≤ (λ − ε)e A , which implies that0 e A0 ≤ (λ − ε)qq 0 . (To see this, note that, for any pair of projections e and f , the inequalities ef e ≤ λe, ef ≤ √ λ, f e ≤ √ λ, and f ef ≤ λf are all equivalent). Averaging this inequality over unitaries in Cqq 0 , which have the form uqq 0 for unitaries u ∈ C, leads to
The inequality hf λ ≥ λf λ implies that
and this contradicts (3.6), establishing (3.4). Now consider two orthogonal projections q 1 and q 2 in Cf λ . From (3.4) we obtain
Since λ > 2 −1 , this forces E A (q 1 ) and E A (q 2 ) to have disjoint support projections.
Whenever a conditional expectation of one abelian algebra onto another has the property that E(p)E(q) = 0 for all pairs of orthogonal projections p and q, then E is the identity. This can be easily seen by considering pairs p and 1 − p. In our situation, we conclude that Af λ = Cf λ . Let p 2 be the spectral projection of h for the interval (2 −1 , 1].
By taking the limit λ → 2 −1 +, we obtain Ap 2 = Cp 2 , and the estimate
follows by taking limits in the inequality 
and 12) and so uxu * − x 2,τ 3 ≤ 2δ 3 . Suitable convex combinations of terms of the form uxu * converge in norm to an element of Z( Let q ∈ Z(N 4 ) = Z(M 4 ) be the spectral projection of h for the eigenvalue 1, and note that h(1 − q) ≤ (1 − q)/2. Fix an arbitrary ε > 0 and suppose that
for all unitaries u ∈ M 4 . Taking the average leads to 15) and so
otherwise the last inequality gives a contradiction and so (3.14) fails for every ε > 0.
The presence of (1 − q) in (3.14) ensures that this inequality fails for a unitary u ε ∈ N 4 (1 − q). Thus
for each ε > 0. Define a unitary in N 4 by v ε = q + u ε . By hypothesis, We now summarize these lemmas. Proof. We apply the previous four lemmas successively to cut by projections until the desired conclusion is reached. Each projection has trace at least a fixed proportion of the trace of the previous one, so the estimates in these lemmas combine to give
where the δ i 's satisfy the relations For the case when the larger algebra is a factor, the estimate in Theorem 3.5 can be considerably improved. 
Proof. Let q ∈ M ′ ∩ N be a projection with τ (q) ≥ 1/2. Then 1 − q is equivalent in N to a projection e ≤ q. Let v ∈ N be a partial isometry such that vv * = e, v * v = 1 − q.
Let w = v + v * ∈ N and note that w = 1 and E M (w) = 0. Then 
By Zorn's lemma and the normality of the trace, there is a projection p ∈ M ′ ∩ N which is minimal with respect to the property of having trace at least 1−δ 2 /2. We now show that p is a minimal projection in M ′ ∩ N . If not, then p can be written Mp, where
We have now reached the situation of a subfactor inclusion P ⊆ Q, Q ⊂ δ P for a fixed δ < 2 −1/2 and P ′ ∩ Q = C1. Since
the operator h obtained from averaging e P over unitaries in Q is λ1 for some λ > 0.
By Proposition 2.4 (ii) and (iii), we have 1 − λ ≤ δ 2 < 1/2 and λ = λ 2 Tr(1), yielding
Tr(1) = 1/λ < 2. Thus [Q : P] < 2, so Q = P from [7] . Applying this to Mp ⊆ pN p, we conclude equality as desired.
Estimates in the · 2 -norm
This section establishes some more technical results which will be needed subsequently. Throughout N is a finite von Neumann algebra with a unital faithful normal trace τ and A is a general von Neumann subalgebra. 
Proof. The first inequality is equivalent to is a positive linear functional whose norm is τ (k). Thus
The range of e contains the range of w, so e ≥ q. Thus
and so (4.5) follows from (4.6), establishing (i).
The second inequality is equivalent to
Since eq = q, this is equivalent to
From (4.6)
which establishes (4.9) and proves (ii).
The last inequality is
by (i).
The next result gives some detailed properties of the polar decomposition (see [2] ). (ii) φ(a)v = va and φ(a)q = vav * for all a ∈ A; (4.15) 17) and so w * w ∈ A ′ . The second statement in (i) has a similar proof.
Let f be the projection onto the closure of the range of (w * w) 1/2 . Since w * = (w * w) 1/2 v * , the range of w * is contained in the range of f , and so f ≥ p by Lemma 2.3(i).
For all x ∈ N and a ∈ A, This proves the first statement in (ii). The second is immediate from
The proof of the third part is similar to that of the first, and we omit the details.
Homomorphisms on subalgebras
In this section we consider two close subalgebras B 0 and B of a type II 1 factor N .
Our objective is to cut each algebra by a projection of large trace in such a way that the resulting algebras are spatially isomorphic by a partial isometry which is close to the identity. We begin by discussing an auxiliary map Φ and we recall some of its properties in the first lemma.
The N -bimodule span{N e B N } is weakly dense in N , B , [12] , and there is a well defined N -bimodule map Φ : span{N e B N } → N which, on generators, is given by
For subsequent work, the importance of this map is that calculations performed in N , B can be projected down into N . The first lemma collects the properties of Φ needed later (see [12, 17] ). If x ∈ e B N then write x = e B y for some y ∈ N . Then Φ(x) = y, so If x ∈ N , B then e B x ∈ e B N , so there exists y ∈ N so that e B x = e B y. Then Φ(e B x) = y, and (5.3) is immediate.
The following is the main result of this section. We will also state two variants which give improved estimates under stronger hypotheses. and we estimate these terms separately. For the first, we have
For the second term in (5.7), we have If we now define a unital trace on e N , B e by τ 1 = Tr(e) −1 Tr, then e N , B e ⊂ ε,τ 1 B 0 e where ε = 5δ(1 − 4δ 2 ) −1/2 . By Theorem 3.5, there exists a projection f ∈ (B 0 e) ′ ∩ e N , B e with
Let V ∈ N , B be the partial isometry in the polar decomposition of e B f , so that e B f = (e B f e B ) 1/2 V . The inequality V − e B 2,Tr ≤ √ 2 e B − f 2,Tr is obtained from [3] or Lemma 2.3 (iv), and we estimate this last quantity. We have
so V −e B 2,Tr ≤ √ 2 δ 1 where δ 2 1 is the last quantity above. Then V V * ∈ e B N , B e B = Be B , and V * V ∈ f N , B f = B 0 f , by the choice of f . Thus there exist projections 
(5.14)
We will show that Θ is a *-isomorphism onto pBpe B . Now pe B V = V from (5.14), so the range of Θ is contained in pe B N , B e B p = pBpe B . Since
from (5.13), the choice of p 0 shows that Θ has trivial kernel. The map is clearly self-adjoint, and we check that it is a homomorphism.
using V f = V . Finally we show that Θ maps onto pBpe B . Given b ∈ B, let
Then x has the form p 0 b 0 p 0 f for some b 0 ∈ B 0 . Thus 19) and this shows surjectivity. Thus Θ : p 0 B 0 p 0 → pBpe B is a surjective *-isomorphism, and so can be expressed as
surjective *-isomorphism. From the definitions of these maps,
Since e B V = V , from (5.14), we have
by Lemma 5.1. In addition, the N -modularity of Φ implies that
and hence
by (5.22) . Now let v ∈ N be the partial isometry in the polar decomposition Φ(V ) = v|Φ(V )|. From (5.22) and Lemma 4.2,
and so vv * is a projection p ′ ∈ (pBp) ′ ∩ pN p and v * v is a projection
It remains to estimate 1 − v 2,τ . Since
from (5.12), we obtain
27) using (5.21). Because e B x 2,Tr = x 2,τ for any x ∈ N , (5.27) gives Φ(V ) − 1 2,τ ≤ √ 2 δ 1 . By Lemma 4.1 (iii), this estimate leads to
From the definition of δ 1 and the requirement that δ < (35) −1 , we see that
by evaluating the term
follows. By Lemma 4.1 (ii) with w = Φ(V ), we have
with a similar estimate for 1 − p ′ 0 2,τ . The fact that each projection is a product of a projection from the algebra and one from the relative commutant is clear from the proof. The last statement of the theorem is an immediate consequence of the first part, because now the relative commutants are contained in the algebras.
The estimates in Theorem 5.2, while general, can be substantially improved in special cases. The next result addresses the case of two close masas. Proof. We assume that δ < (15) −1 , otherwise we may take v = 0. By averaging e B over B 0 , we see that there is a projection e 0 ∈ B ′ 0 ∩ N , B satisfying e 0 − e B 2,Tr ≤ 2δ. By Lemma 2.2, there exists a central projection z ∈ N , B such that ze 0 and ze B are equivalent projections in N , B , and ze 0 − e B 2,Tr ≤ 2δ. Let e = ze 0 ∈ B ′ 0 ∩ N , B , and consider the inclusion B 0 e ⊆ e N , B e. Let w ∈ N , B be a partial isometry such that e = ww * , ze B = w * w. Then wze B = w, and so We now consider the case of two close subfactors of N . Proof. We assume that δ < 67 −1/2 , otherwise take v = 0. The proof is identical to that of Theorem 5.2 except that we now have an inclusion eB 0 e ⊆ e N , B e of factors.
Our choice of δ allows us a strict upper bound of (2/5) −1/2 on the ε which appears immediately after (5.11). Thus the estimate of Theorem 3.7 applies, which allows us to replace 23 by 1/2 in (5.12). This gives
and the estimates of (5.32) follow.
If the relative commutants are trivial then p ∈ B and p 0 ∈ B 0 , so v implements an isomorphism between pBp and p 0 B 0 p 0 which then easily extends to unitary conjugacy between B and B 0 .
Let R be the hyperfinite type II 1 factor, choose a projection p ∈ R with τ (p) = 1−δ, where δ is small, and let θ be an isomorphism of pRp onto (1 − p)R(1 − p). Let B 0 = {x+θ(x) : x ∈ pRp} and let B have a similar definition but using an isomorphism φ such that θ −1 φ is a properly outer automorphism of pRp. Such an example shows that the projections from the relative commutants in Theorem 5.4 cannot be avoided.
These results above suggest that it might be possible to obtain similar theorems for one sided inclusions. By this we mean that if B 0 ⊂ δ B then there is a partial isometry which moves some compression of B 0 (preferably large) into B. However the following shows that this cannot be so, even if the two algebras are subfactors with trivial relative commutant in some factor M, and even if we renounce at the requirement that the size of the compression be large and merely require the compression to be non-zero.
In this respect, note that if there exists a non-zero partial isometry v ∈ M such that v * v ∈ B 0 , vv * ∈ B and vB 0 v * ⊆ vv * Bvv * , then there would be a unitary u ∈ M such that uB 0 u * ⊆ B. It is this that we will contradict, by exhibiting II 1 subfactors Since τ (e N 0 ) = λ, the only possibility is to have
This is, of course, impossible.
Unitary congugates of masas
In this section we apply our previous work on perturbations of subalgebras to the particular situation of a masa and a nearby unitary conjugate of it. The main result of this section is Theorem 6.4. This contains two inequalities which we present separately.
Since we will be working with only one unital trace we simplify notation by replacing · 2,τ by · 2 , and we denote by d(x, S) the distance in · 2 -norm from an element
x ∈ N to a subset S ⊆ N .
Recall from [14] that the normalizing groupoid G(A) of a masa A in N is the set of partial isometries v ∈ N such that vv * , v * v ∈ A, and vAv * = Avv * . Such a partial isometry v implements a spatial * -isomorphism between Av * v and Avv * . By choosing a normal * -isomorphism between the abelian algebras A(1 − v * v) and
, we obtain a * -automorphism of A satisfying the hypotheses of Lemma 2.1 of [8] . It follows that v has the form pw * , where p is a projection in A and w ∈ N (A) (this result is originally in [6] ). The next result will allow us to relate E A − E uAu * ∞,2 to the distance from u to N (A).
Proposition 6.1. Let A be a masa in N , let u ∈ N be a unitary and let ε 1 , ε 2 > 0.
Suppose that there exists a partial isometry v ∈ N such that v * v ∈ A, vv * ∈ uAu * , vAv * = uAu * vv * , and
Proof. Let v 1 be the partial isometry u * v ∈ N . From the hypotheses we see that v
and so v 1 ∈ G(A). It follows from [8] that v 1 = pw * for some projection p ∈ A and unitary w * ∈ N (A). Thus
From (6.1), there exists a ∈ A such that a ≤ 1 and E uAu * (v) = uau * . Since A is abelian, it is isomorphic to C(Ω) for some compact Hausdorff space Ω. Writing b = |a|, 0 ≤ b ≤ 1, there exists a unitary s ∈ A such that a = bs. Now (6.2) and (6.5) imply that 6) and so
It now follows from (6.5) that
From (6.1) and (6.8) we obtain the estimate
Let c = E A (su * w) ∈ A, c ≤ 1, and apply E A to (6.9) to obtain
For each ω ∈ Ω,
from which it follows that
Apply the trace to (6.12) and use (6.10) to reach
(6.14)
From (6.1), (6.13) and the triangle inequality,
This leads to the estimate
16) using (6.7) and (6.15). Now defineũ = ws, which is in N (A) since s is a unitary in A.
The last inequality gives (6.3).
The constant 90 in the next theorem is not the best possible. An earlier version of the paper used methods more specific to masas and obtained the lower estimate 31.
This may be viewed at the Mathematics ArXiv, OA/0111330. 
Proof. Define ε to be ( 
We may now apply Proposition 6.1, with ε 1 = 30ε and ε 2 = 15ε, to obtain a normalizing unitaryũ ∈ N (A) satisfying Proof. Let v ∈ N (A) and define w to be uv * . Then wAw * = uAu * , so it suffices to estimate E A − E wAw * ∞,2 . Let h = 1 − w. Then, for x ∈ N , x ≤ 1, Proof. The inequalities of (6.27) are proved in Theorem 6.2 and Lemma 6.3. When A is singular, its normalizer is contained in A, so u − E A (u) 2 ≤ d(u, N (A)) (6.28)
holds. Then
proving α-strong singularity with α = 1/90.
The right hand inequality of (6.27) is similar to are also close. We remarked in the introduction that there are only two ways in which E A − E uAu * ∞,2 can be small, and we now make precise this assertion and justify it. We close with a topological result on the space of masas, in the spirit of [2, 22] , which also follows from results in [18] . We include a short proof for completeness. Proof. By Theorem 6.4, it suffices to show that those masas, which satisfy (6.29) (with any fixed α > 0 replacing 90) for all unitaries u ∈ N , form a closed subset. Consider a Cauchy sequence {A n } ∞ n=1 of masas satisfying (6.28), and fix a unitary u ∈ N . By [2] , the set of masas is closed, so there is a masa A such that lim n→∞ E An − E A ∞,2 = 0.
≤ α E uAnu * − E uAu * ∞,2 + α E uAu * − E A ∞,2 + E An − E A ∞,2 , (6.53) and the result follows by letting n → ∞.
